We consider the octonionic self-duality equations on eight-dimensional manifolds of the form M 8 = M 4 ×R 4 , where M 4 is a hyper-Kähler four-manifold. We construct explicit solutions to these equations and their symmetry reductions to the non-abelian SeibergWitten equations on M 4 in the case when the gauge group is SU (2). These solutions are singular for flat and Eguchi-Hanson backgrounds. For M 4 = R × G with a cohomogeneity one hyper-Kähler metric, where G is a nilpotent (Bianchi II) Lie group, we find a solution which is singular only on a single-sided domain wall. This gives rise to a regular solution of the non-abelian Seiberg-Witten equations on a four-dimensional nilpotent Lie group which carries a regular conformally hyper-Kähler metric.
Introduction
Gauge theory in dimension higher than four has been investigated in both theoretical physics [3, 10, 21, 1, 2] and pure mathematics [6, 22] contexts. While the solutions to the full second order Yang-Mills equations seem to be out of reach, the first order higher dimensional analogues of four-dimensional self-duality equations admit some explicit solutions. Such equations can be written down on any n-dimensional Riemannian manifold M n , once a closed differential form Ω of degree (n − 4) has been chosen. The generalised self-duality equations state that the curvature two-form of a Yang-Mills connection takes its values in one of the eigenspaces of the linear operator T : Λ 2 (M n ) → Λ 2 (M n ) given by T (F) = * (Ω∧F). The full Yang-Mills equations are then implied by the Bianchi identity. If n = 4, and the zero-form Ω = 1 is canonically given by the orientation, the eigen-spaces of T are both two-dimensional, and are interchanged by reversing the orientation. In general the eigen-spaces corresponding to different eigenvalues have different dimensions. For the construction to work, one of these eigen-spaces must have dimension equal to (n − 1)(n − 2)/2, as only then the number of equations matches the number of unknowns modulo gauge.
Any Riemannian manifold with special holonomy Hol ⊂ SO(n) admits a preferred parallel (n−4)-form, and the eigen-space conditions above can be equivalently stated as F ∈ hol, where we have identified the Lie algebra hol of the holonomy group with a subspace of Λ 2 (M n ) ∼ = so(n). One of the most interesting cases corresponds to eight-dimensional manifolds with holonomy Spin (7) . The only currently known explicit solution on M 8 = R 8 with its flat metric has a gauge group Spin (7) . The aim of this paper is to construct explicit solutions to the system * 8 (F ∧ Ω) = −F, with gauge group SU(2). This will be achieved by exploiting the embedding SU(2) × SU(2) ⊂ Spin (7) . This holonomy reduction allows a canonical symmetry reduction to the Yang-MillsHiggs system in four dimensions-a non-abelian analogue of the Seiberg-Witten equations involving four Higgs fields [6, 1, 15] . The explicit SU(2) solutions arise from a t'Hooft-like ansatz which turns out to be consistent despite a vast overdeterminancy of the equations. The resulting solutions on R 8 fall into two classes, both of which are singular along a hypersurface. To overcome this, and to evade Derrick's theorem prohibiting finite action solutions in dimensions higher than four we shall consider the case of curved backgrounds of the form M 8 = M 4 × R 4 , where M 4 is hyper-Kähler. The gauge fields on the Eguchi-Hanson gravitational instanton are still singular, but if M 4 is taken to be a Bianchi II gravitational instanton representing a domain wall [13] , then the Yang-Mills curvature is regular away from the wall. This gives rise to a regular solution of the non-abelian Seiberg-Witten equation on a four-dimensional nilpotent Lie group H which carries a regular conformally hyper-Kähler metric. Theorem 1.1 Let H be the simply-connected Lie group whose left-invariant one-forms satisfy the Maurer-Cartan relations
• The left-invariant metricĝ = σ 0 2 + σ 1 2 + σ 2 2 + σ 3 2 on H is regular and conformally hyper-Kähler.
• The su(2)-valued one-forms
. .], F = dA + A ∧ A, and ± denote self-dual (+) and anti-self-dual (-) parts with respect toĝ.
Finally we should mention that there are other candidates for 'self-duality' equations in higher dimensions. One possibility in dimension eight, exploited by Polchinski in the context of heterotic string theory [18] , is to consider the system * F ∧ F = ±F ∧ F. These equations are conformally invariant, and thus the finite action solutions compactify R 8 to the eight-dimensional sphere, but unlike the system (2.2) considered in this paper they do not imply the Yang-Mills equations.
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Self-duality in eight dimensions
where * 8 is the Hodge operator of g 8 corresponding to the orientation Ω∧Ω. The 28-dimensional space of two-forms in eight dimensions splits into Λ 8 with values in a Lie algebra g of a gauge group G. The Spin(7) self-duality condition states that the curvature two form
takes its values in Λ . This leads to a system of seven first order equations
explicitly given by
This is a determined system of PDEs as one of the eight components of A can be set to zero by a gauge transformation
Equations (2.2) were first investigated in [3] , and some solutions were found in [9, 10] for the gauge group Spin(7). If A is a solution to (2.2), then it is a Yang-Mills connection because
by the Bianchi identities. 
Non-abelian Seiberg-Witten equations Holonomy reduction
Equations (2.2) are valid on curved eight-dimensional Riemannian manifolds with holonomy equal to, or contained in Spin(7), as such manifolds are characterised by the existence of a parallel four-form given by (2.1). We shall consider the special case of product manifolds [16] 
3)
1 The Derrick scaling argument (see e.g. [7] ) shows there are no nontrivial finite action solutions to the pure Yang-Mills equations on R 8 . This obstruction can be overcome if some dimensions are compactified. If (M 8 , g 8 ) is a compact manifold with holonomy Spin(7), then the YM connections which satisfy (2.2) are absolute minima of the Yang-Mills functional
To see this write F = F + + F − , where
, and verify that
The integral of the trace of the second term on the RHS is independent on A.
where M 4 and M 4 are hyper-Kähler manifolds. Let ψ i ± span the spaces Λ 2 + (M 4 ) and Λ 2 − (M 4 ) of self-dual and anti-self-dual two-forms respectively. Thus
where i, j, . . . = 1, 2, 3 with analogous expressions forg 4 . The Spin(7) four-form (2.1) is then given by
where η = diag(1, 1, −1) and vol, vol are volume forms on M 4 and M 4 respectively. The selfdual four-form Ω is closed as a consequence of the closure of ψ i andψ i which can always be achieved by a choice of the orthonormal frame on hyper-Kähler manifolds.
Symmetry reduction
We shall now consider the self-duality equations (2.2) for a g-valued connection A over an eight-manifold M 8 of the form (2.3), where M 4 is an arbitrary Hyper-Kähler four manifold, and M 4 = R 4 is flat. We shall look for solutions A that admit a four-dimensional symmetry group generated by the translations on R 4 . If x µ are local coordinates of M 8 , then we denote the coordinates of M 4 by x a and those ofR 4 byx a . The Greek indices run from 0 to 7 as Latin indices run from 0 to 3. We choose a frame e µ in (2.1),/ where e µ (µ = 0, . . . , 3) is a frame (2.4) on M 4 in which ψ i are closed and e µ = dx µ−4 (µ = 4, . . . , 7). We can then write
where we have re-labelled coefficients and consequently defined A, A a , Φ ′ and Φ a . Thus A is a g-connection on M 4 . Let F denote the curvature of A, and let F ± be the SD and ASD parts of F with respect to the Hodge operator * 4 of g 4 . Furthermore, we introduce the following notation: Let Φ = Φ a e a be a g-valued one-form and let ∇ a be four vector fields dual to e a , i. e.
captures the antisymmetric part of D a Φ b . Note that A, F , Φ and DΦ are su(2)-valued forms over M 4 . We are thus splitting up the connection and curvature in various pieces. Note that Φ ′ = Φ a e a due to the choice of indices and signs in (2.5). Now we shall investigate the equations (2.2) on the chosen product background M 8 . Invoking translational symmetry alongR 4 as explained, we find the following Proposition 2.1 For a connection of the form (2.5) equations (2.2) reduce to the following system of equations for the differential forms A and Φ over M 4 :
where the ± denote the SD (+) or ASD (-) part with respect to the Hodge operator * 4 .
Proof. This reduction has been performed before [1, 6, 4, 15] , but in the slightly different context 2 . We shall present a proof adapted to our setup. One obtains these equations by inserting the explicit expression for A = A + Φ ′ and the definition of the curvature,
[A, A] into the system (2.2). For the curvature, we find
In the expression F = F µν e µ ∧ e ν , the two-form F accounts for coefficients F µν with both indices in the range 0 ≤ µ, ν ≤ 3, the term
for those coefficients F µν with indices in the range 4 ≤ µ, ν ≤ 7 and DΦ ′ for coefficients with one index each. This allows us to translate the components F µν , e.g.
The sign and index changes are a result of the labelling of the components of Φ ′ . Applying this to the system (2.2), we find
This is exactly the system (2.6) with all components written out.
✷
The resulting system is set of equations for a connection A and four non-abelian Higgs fields Φ a over M 4 . In particular they can be regarded as a non-abelian version [1, 6, 19, 4, 15] of the equations found by Seiberg and Witten [20] . We will call (2.6) the non-abelian Seiberg-Witten equations.
3 Ansatz for SU (2) solutions
To find explicit solutions to (2.6) and (2.2) with the gauge group SU(2) we shall proceed with an analogy to the t'Hooft ansatz for the self-dual Yang-Mills equations on
We can then define two su(2)-valued two-forms σ andσ such that * 4 σ = σ and * 4σ = −σ by
where ψ i ± are given by (2.4). Thus the forms σ ab select the three-dimensional space of SD two forms Λ 2 + (M 4 ) from the six-dimensional space Λ 2 (M 4 ) and project it onto the three-dimensional subspace su(2) of so (4) . An analogous isomorphism between Λ 2 − (M 4 ) and another copy of su (2) is provided byσ. The following identities hold
We now return to equations (2.6) and make the following ansatz for the su(2)-valued one-forms A and Φ, 
Note that equation (3.15 ) is equivalent to the anti-self-duality of the antisymmetric part of
A similar interpretation of equation (3.14) is given by the following Lemma 3.2 Let Σ ab be an arbitrary tensor. Theñ Using the definition (3.9) of σ ab in terms of the generators of su (2) this is equivalent to a system of nine linear equations for the components of Σ ac : six of them set off-diagonal terms to zero, three more equate the four diagonal terms of Σ ac . Solving this system is straightforward: the only solution is Σ (ac) = Σδ ac for some scalar function Σ.
Thus equations (3.14) and (3.15) together imply that
is the sum of a (symmetric) pure-trace term and an (anti-symmetric) ASD term. To continue with the analysis of (3.12) we need to distinguish between flat and curved background spaces.
Flat background
Our first choice for M 4 is the flat space R 4 with e a = dx a for Cartesian coordinates x a . Since the one-forms e a are closed we have C a bc = 0 and the dual vector fields ∇ a = ∂ a commute. This implies that (3.13) is identically satisfied. Equation (3.15) implies that the simple two-form dG ∧ dH is ASD. Therefore this form is equal to zero, since there are no real simple ASD two-forms in Euclidean signature and thus H and G are functionally dependent. Therefore we can set H = H(G). Thus the tensor Σ ab = ∂ a ∂ b H − 2∂ a H∂ b G is symmetric. Next, we turn our attention to (3.14). Applying Lemma 3.2 we deduce that Σ ab is pure trace. Defining a one-form f = exp (−2G)dH we find that
for some Σ. Equating the off-diagonal components of (3.18) to zero shows that f c depends on x c only, and the remaining four equations yield dH = e 2G dw, where for some constants γ, κ a . Thus G also depends only on w and, defining g(w) = exp G(w),
There are two cases to consider
• Assume that γ = 0, in which case
To obtain an explicit solution we set the constant γ 1 = 0. Using the translational invariance of (2.6) we can always put w = x 3 . Reabsorbing the constant of integration and rescaling yields
Using these functions in the ansatz (3.11) for the pair (A, Φ) will give rise to a curvature F such that (2.2) holds. Note however that the connection is singular along a hyperplane in R 4 and thus A is also singular along a hyperplane in R 8 because of the translational symmetry. The curvature for this solution is singular along a hyper-plane with normal κ a , and blows up like |x 3 | −2 , thus the solution is singular. A numerical plot of solutions of (3.20) for different γ 1 is displayed in Figure 1 . Since the equation is autonomous, one can obtain the general solution by translating any curve in the x 3 -direction. The red line corresponds to (3.21) . Note that all other curves have two vertical asymptotes and do not extend to the whole range of x 3 .
• We will now present a second, radially symmetric solution. If γ = 0 we translate the independent variable by w → w − κ 2 2γ
, then (3.19) is , then w = √ 3r 2 and
The pair (A, Φ) in (3.11) is singular on the sphere r = 1 in R 4 . In R 8 this corresponds to cylinders of a hypersurface type. The curvature is given by
where K i µν are quadratic polynomials in r 2 . The numerical results suggest that there are no regular solutions to (3.22) and most solution curves do not even extend to the full range of r.
This concludes the process of solving the initial system of coupled partial differential equations (3.12). We have shown that the most general solution to this system is given by two functions of one variable, G and H with w := 1 2 γx a x a + κ a x a , which are determined by an ordinary differential equation. We presented two classes of solutions in closed form. 
Curved backgrounds
The solutions we have found in the last subsection have extended singularities resulting in an unbounded curvature and infinite action. While we could argue that the former is an artifact resulting from the form our ansatz, there is no hope to cure the latter. The existence of the finite action solutions to pure Yang-Mills theory on R 8 or to Yang-Mills-Higgs theory on R 4 is ruled out by the Derrick scaling argument [7] . To evade Derrick's argument we shall now look at curved hyper-Kähler manifolds M 4 in place of R 4 . The one-forms e a in the orthonormal frame (2.4) are no longer closed and the vector fields ∇ a do not commute, as C c ab = 0. The equations (3.14) and (3.15) imply that ∇ a ∇ b H − 2∇ a G∇ b H is a sum of a pure-trace term and an ASD term, but examining the integrability conditions shows that the trace term vanishes unless the metric g 4 is flat. Thus
where δ a are some constants of integration. We shall analyse two specific examples of M 4 . The first class of solutions on the Eguchi-Hanson manifold generalises the spherically symmetric solutions (3.23), which were singular at r = 1. In the Eguchi-Hanson case the parameter in the metric can be chosen so that r = 1 does not belong to the manifold. The second class of solutions on the domain wall backgrounds generalises the solutions (3.21).
Eguchi-Hanson background
Consider (M 4 , g 4 ) to be the Eguchi-Hanson manifold [8] , with the metric
Here σ i , i = 1, 2, 3 are the left-invariant one-forms on SU(2)
and to obtain the regular metric we take the ranges
Choose an orthonormal frame
Computing the exterior derivatives d(e a ) explicitly we can evaluate (3.13) and find that it is trivially zero. Furthermore, we know that equations (3.14) and (3.15) are equivalent to (3.24). The integrability conditions
The condition dG = 0 implies δ i = 0. Then
, and df = 0. Thus f ∧ dr = dH ∧ dr = dH ∧ dG = 0 and consequently H and G depend on r only and satisfy the following relation:
Using this in equation (3.12) and substituting g :=
The numerical results (Figures 4 and 5 , where a = 1) indicate that yet again there are no regular functions among the solutions. Analysing the limits r → a and r → ∞ we find that the solution curves either blow up for r → a or, if they intersect with the line r = a in the (r, g) plane, they will satisfy g ′ = (a/4)g 5 . For the second limit (3.27) tends to g ′′ = g 5 which we have investigated in the previous section. Thus the behaviour for r → ∞ is determined by Figure 1 . In the flat limit a → 0, in which the Eguchi-Hanson manifold becomes R 4 , equation (3.27) does not reduce to the one we found for the ansatz over R 4 . This is to be expected, since the frame e a we are working with will not reduce to an integrable coordinate frame even in the flat limit. In this Section we shall prove Theorem 1.1. Consider the Gibbons-Hawking [12] class of hyperKähler metrics characterised by the existence of a tri-holomorphic isometry. The metric is given by
The function V and the one-form α = α i dx i depend on x j and satisfy * 3 dV = −dα, where * 3 is the Hodge operator on R 3 . Thus the function V is harmonic. Chose the orthonormal frame
and the dual vector fields ∇ 0 and ∇ i . In comparison to the Eguchi-Hanson background, for the Gibbons-Hawking case the equation (3.13) is no longer trivially satisfied. It only holds if dG ∧ dV = 0. Thus, in particular ∇ 0 G = 0. The equations (3.14) and (3.15) are equivalent to (3.24). The integrability conditions force δ 0 = 0. Setting w = δ i x i , we can determine H from the relation dH = √ V e 2G dw. Thus H and √ V e 2G are functions of w only. We claim that √ V e 2G = C for any constant 3 C. Therefore dV ∧ dw = dG ∧ dw = 0, since dV ∧ dG = 0, and we must have V := V (w), G := G(w). Furthermore V (w) is harmonic, so the potential must be linear in w, i.e. without loss of generality
The resulting metric admits a Bianchi II (also called Nil) group of isometries generated by the vector fields
1 ∂ ∂x 0 with the Heisenberg Lie algebra structure
3 Suppose the opposite. Using V = C 2 e −4G in (3.12) we find
Differentiation of the first relation reveals that all derivatives of G are harmonic. Two partial differentiations of the second relation and contracting the indices then yields |∂ i ∂ j G| 2 = 0. This implies c = 0 and thus ∂ i G = 0, which rules out this special case.
There is also a homothety generated by
The conformally rescaled metricĝ = (x 3 ) −3 g 4 admits D as as a proper Killing vector. Thus {X 0 , X 1 , X 2 } span the Bianchi II algebra of isometries ofĝ and {X 0 , X 1 , D} span the Bianchi V group of isometries ofĝ. Setting x 3 = exp (ρ) puts g 4 in the form
This metric is singular at ρ → ±∞ but we claim that this singularity is only present in an overall conformal factor, and g 4 is a conformal rescaling of a regular homogeneous metric on a four-dimensional Lie group with the underlying manifold H = Nil × R + generated by the right-invariant vector fields {X 0 , X 1 , X 2 , D}. To see it, set
and the left-invariant one-forms satisfy
Thus the metricĝ is regular. In [13] the singularity of g 4 at ρ = −∞ has been interpreted as a single side domain wall in the space-time
with its product metric. This domain wall is a p-brane: either a nine-brane of 11D super gravity if p = 6 or a three-brane of the 4 + 1 dimensional space-time g 4 − dt 2 . In all cases the direction ρ is transverse to the wall. In the approach of [13] the regions x 3 > 0 and x 3 < 0 are identified. In this reference it is argued that (M 4 , g 4 ) with such identification is the approximate form of a regular metric constructed in [17] on a complement of a smooth cubic curve in CP 2 .
Using this linear potential V = w = x 3 in (3.12) and setting g(w) := e G(w) yields
This equation changes its character as w changes from positive to negative sign, we find infinitely many singularities for G(w) for w < 0. We thus focus on the region w > 0, which is in agreement with the identification of these two regions proposed by [13] . Numerical plots for solutions of this equation are given in Figures 6 and 7 . One explicit solution is given by
If we choose w = x 3 , the curvature for this solution blows up like (x 3 ) −3 . This is singular only on the domain wall. Explicitly, the solution (3.31) gives 
We claim that (A, Φ) is a regular solution to the non-abelian Seiberg-Witten equations on the Lie group corresponding to the Lie algebra (3.30) with its left-invariant metricĝ given by (3.29).
To justify this claim, we need to consider the invariance of the non-abelian Seiberg-Witten equations under the conformal rescalings of the underlying metric. The first two equations (2.6) and (2.7) are clearly invariant, which follows from the conformal invariance of the Hodge operator acting on two-forms in four dimensions. The third equation (2.8) is not invariant in general, but it still holds in our case with g 4 replaced byĝ 4 , as the conformal factor depends only on ρ and dρ ∧ * 4 Φ = 0 for the Higgs fields (3.32). We should stress that this solution does not lift to a solution of Yang-Mills equations in eight dimensions, as the product metricĝ 4 +g 4 on H × R 4 is not Spin(7).
Now, substituting (3.11) and using (3.10) 
The first two terms of these combine to give ✷G, as can be seen by computing
The other components of (A1) are given by We now move to equation (A2), Here we had to explicitly evaluate and symmetrise a product of three σ-matrices to obtain the last line. And finally, for equation (A3) we obtain
